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ABSTRACT

In his recent series of lectures, Prof. B. I. Plotkin discussed geometri-
cal properties of the variety of associative K-algebras. In particular, he
studied geometrically noetherian and logically noetherian algebras and,
in this connection, he asked whether there exist uncountably many sim-
ple K-algebras with a fixed finite number of generators. We answer this
question in the affirmative using both crossed product constructions and
HNN extensions of division rings. Specifically, we show that there exist
uncountably many nonisomorphic 4-generator simple Ore domains, and
also uncountably many nonisomorphic division algebras having 2 gener-
ators as a division algebra.

* The first author is grateful to Professor B. I. Plotkin for communicating this
problem to him and for stimulating conversations.
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1. Introduction

In his recent series of lectures [Pl], B. I. Plotkin discussed some geometrical
properties of the variety of associative K-algebras. In particular, he considered
geometrically noetherian and logically noetherian algebras and, in this connec-
tion, he asked whether there exist uncountably many simple K-algebras with
a fixed finite number of generators. We answer this question in the affirma-
tive using both crossed product constructions and HNN extensions of division
rings. To be precise, we show that there exist uncountably many nonisomorphic
4-generator simple Ore domains, and also uncountably many nonisomorphic di-
vision algebras having 2 generators as a division algebra. These results can
be viewed as algebra analogs of the well-known theorem [N] which asserts that
there exist uncountably many nonisomorphic 2-generator groups. Indeed, it
was shown in [H] that there exist uncountably many nonisomorphic 6-generator
simple groups (see [LS, Theorems IV.3.3 and IV.3.5]).

Our first three results use crossed product constructions and are proved in the
next two sections. As will be apparent, a key ingredient here is the fact that any
field K has uncountably many nonisomorphic field extensions of transcendence
degree 1.

THEOREM 1.1: Suppose that K is a field having an element ( of infinite mul-
tiplicative order with its nth roots, for alln = 1,2,3,..., also contained in K.
Then there exist uncountably many nonisomorphic K-algebras R such that
(i) R is a simple right and left Ore domain.

(ii) R is generated as a K-algebra by four elements.

(iii) Z(R) =K.
Each such ring R is a crossed product ExG, where E is a K-algebra integral do-
main with quotient field F' having transcendence degree 1 over K. Furthermore,
G is the wreath product G = C ! C with C infinite cyclic.

Since Z(R) = K, the above algebras are actually nonisomorphic as rings. As
a consequence of the above construction, we also show

THEOREM 1.2: Let K be a field containing all nth roots of unity. Then there
exist uncountably many nonisomorphic K-algebras D such that
(i) D is a division ring.
(ii) D is generated as a K-division algebra by two elements.
(i) Z(D) = K (¢t), the rational function field over K in one variable t.
Each such D is the division ring of fractions of a crossed product ExG, where
E is a K-algebra integral domain with quotient field F having transcendence
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degree 1 over K. Furthermore, G is the wreath product G = C1C with C
infinite cyclic.

In the next result, we allow the centers of the algebras to vary.

ProprosSITION 1.3: If K is an arbitrary field, then there exist uncountably many
nonisomorphic K-algebras R such that
(i) R is a right and left Ore domain with division ring of fractions D.

(ii) R is generated as a K-algebra by four elements. D is generated as a
K-division algebra by two elements.

(i) F = Z(D) is the field of fractions of E = Z(R), and these fields F', each of
transcendence degree 1 over K, are different K-algebras for the different
choices of R.

Each such ring R is a twisted group ring E'[G], where G = C1C with C infinite
cyclic. Furthermore, if K is countable then these examples can be constructed
with E = F' and hence with R a simple ring.

The remaining two results concern division algebras. They are proved, by
means of HNN extensions, in the last section of this paper. Again, we use the
fact that any field K has uncountably many nonisomorphic field extensions of
transcendence degree 1.

THEOREM 1.4: If K is an arbitrary field, then there exist uncountably many
nonisomorphic K-algebras D such that
(i) D is a division ring.
(ii) D is generated as a K-division algebra by two elements.
(iil) Z(D) = K(t), the rational function field over K in one variable t.
FEach such D is the universal field of fractions of an HNN extension of the free
field FLx,yp, with F a field extension of K of transcendence degree 1.

Finally, we allow the centers to vary, and obtain

ProPOSITION 1.5: If K is an arbitrary field, then there exist uncountably many
nonisomorphic K -algebras D such that
(i) D is a division ring.
(i) D is generated as a K-division algebra by two elements.
(ii) F =1Z(D) is a field of transcendence degree 1 over K, and these fields are
different K -algebras for the different choices of D.

Fach such D is the universal field of fractions of an HNN extension of the free
field F<€x,y} on two generators.
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2. Crossed product constructions

Let K be a field and let F' be a countably generated field extension. Suppose
F is such a countable generating set consisting of nonzero elements, so that
F = K(F). We assume for convenience that either each element of F has infinite
multiplicative order or that each element has finite multiplicative order, but that
these orders are unbounded. In addition, let ¢ be a given field automorphism
of F whose fixed field F? contains K, and let E be the K-subalgebra of F
generated by the set U F~! and all its conjugates under the cyclic group (o).
The goal of this section is to construct four K-algebras based upon the above
information. First, T = F*[A] is a twisted group algebra over F of the countably
generated free abelian group A. Next, S = T'C = Fx(G is a skew group ring
over T of the infinite cyclic group C. It can also be viewed as a crossed product
over F of the wreath product group G = C 1 C. Thirdly, R is the K-subalgebra
of § given by R = ExG C F+G = S. Then R is a right and left Ore domain,
and it is a finitely generated K-algebra. Furthermore, if E is o-simple, then R
is a simple ring. In any case, we let D denote its division ring of fractions.

LeMMA 2.1: Construction of the twisted group algebra T = F[A].

Proof: Suppose F = {g0,91,92,---} and define i = {f1, fa, f3,...} C F so
that fi = go, f2 = 91, f1 = g2 and in general fon = g,. Furthermore, set f; =1
if ¢ is not a power of 2. Then this new sequence contains all the given generators
of F along with arbitrarily long subsequences of 1’s.

Now let H be the free class 2 nilpotent group on countably many generators
{a; |1 € Z}, where Z is the set of all integers. Then the commutator subgroup
H' of H is central and generated by the commutators u;; = [a;,a;] for all
i,j € Z with ¢ > j. Indeed, H/H' is free abelian with generators {a;H' | i € Z}
and H’ is free abelian with generators {u;; | ¢« > j}. Form the group ring
F[H] and let P be the kernel of the homomorphism ¢: F[H'] — F given by
@(uij) = 07(fi-;). Since H' is central, it follows that Q@ = P-F[H] is an ideal of
F[H] and then T = F[H]/Q is clearly a twisted group algebra of A = H/H' over
F. Indeed, if a; denotes the image of a; in F[H]/Q, then T has as an F-basis
all expressions a = iafi, with the product in the natural order. Furthermore,
[@:,d;] = (@;)"1(@;)"'a:a; = o/ (fi—;) for all ¢ > j. Hence we can write T' =
F'[A), and we let A = {@ | a € A} denote the corresponding basis. 1

LEMMA 2.2: T is a simple right and left Ore domain with center F'.

Proof: If a € A, then a determines a map A,: A — F*, the multiplicative
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group of F, given by 7!

% = A (x)a for all z € A or equivalently A, (x) =
a~'z7'ai = [a,z]. It is easy to see that each such ), is a group character,
namely a group homomorphism to F'®. Furthermore, A,y = Ay Ay for all a,b € A.
We claim now that if a # 1, then A\, # 1. To this end, let a = :’nafi
with k, # 0. Then the nature of the F|-sequence guarantees that we can
find a sufficiently negative subscript j < m so that f,—; has multiplicative
order larger than |k,|, while f,_; = 1 for the remaining subscripts ¢ satisfying
m < ¢ < n. Recall that the generators in F are assumed to either all have
infinite multiplicative order or they all have finite multiplicative order, but that
these orders are unbounded. In particular, since \y, (a;) = 07(f;-;) fori > 7, we
conclude that A, (a;) = [I,, Xa, (@)% = Ag, (a;) = 0™(fn—;)F» # 1. Thus
Ao # 1, as required.

Now suppose a = Y a,@ is central in T, with each a, € F. Then for all
r €A, wehave ), a,d=a =7"'af = ), a.\(z)a. In particular, if a, # 0,
then A, = 1 and a = 1. In other words, & = a; € F, and hence Z(T) = F. Next,
suppose [ is a nonzero ideal of T and choose 0 # 3 € I having minimal support
size, that is with the minimal number of A terms occurring. By multiplying
B by some element of A if necessary, we can assume that 1 € supp . Then
B =3 ,0.a with B, € F and B, # 0. Note that, for each 2 € A, we have
Y Bade(x)a =215z € I and hence y(z) = Y, Bua(Ae(x)—1)a =27 18- €
I. But 1 is no longer in the support of y(x), so y(x) has smaller support than
B and hence y(z) = 0 for all . In particular, 3 is central in T, so 0 # 3 € F,
I =T, and T is simple. Finally, since T = F![A4] with A a torsion free abelian

group, it is clear that T is locally noetherian and hence an Ore domain. ]

LemMMA 2.3: Construction of the skew group ring S = TC = Fx(G. Further-
more, if u and 1 +u are units of S, thenu € F.

Proof: Let C = (c) be an infinite cyclic group and define the map 7: F*[4] —
F'[A] to extend ¢ on F and to satisfy 7(@;) = @;4+1. Since (i +1) — (j + 1)
= 4 — j, it follows that 7 preserves the relations [a;,a;] = o7(f;—;). Thus
7 is an automorphism of T' = F'[A], and we can form the skew group ring
S =TC = F'[A]C with ¢ acting like 7.

Since AC is an F-basis for S, it is easy to see that S = FxG is a crossed
product over F' of the group G = C ! C. Indeed, G has a base group B = A
which is the direct product of countably many copies of C, and G = B x (z)
with 2 acting as the shift operator. We write G = AC.

Now it is easy to see that if Gy and G2 are ordered groups, then so is G1 1G5.
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Thus G = C1C is ordered, and it follows that every unit u of F*G is trivial,
that is of the form u = fg with f € F* and g € G. In particular, if 1 + u is also
a unit, then g=1and u € F. |

LEMMA 2.4: S is a simple right and left Ore domain with center F, the fixed
field of F' under the action of 0.

Proof: Since T is a right and left Ore domain and S = T'C with C an infinite
cyclic group, it is clear that S is also a right and left Ore domain. Now let o
be central in S and write @ = Y, &a; with a; € T. Since ¢ %apc = a;, we
have Zi a;8p = alip = oo = > cta;o; and hence @;0y; = o;ag. In particular,
if W; = suppq;, then a;W; = W;ag and hence the finite set W; C A is closed
under multiplication by a;agy ! Now, if a; # 0, then W; # @ and therefore
aiay 'W; = W, implies that W; is a union of cosets of the cyclic group (aiagt).
Hence a;a;' must have finite order. But this can occur only when i = 0, so
a = qg € T and, since « is now central in T, it follows from Lemma 2.2 that
a € F. Furthermore, ¢ acts on F like ¢ does, so a = ¢ 'a¢ = o and o € F°.
Since the reverse inclusion is obvious, we conclude that Z(S) = F°.

Now let I be a nonzero ideal of S = T'C. Since I is closed under multiplication
by ¢ and ¢7!, we can clearly choose 0 # 8 = Y1  B;& € I, with 8, € T, o # 0,
and with n minimal. Set J ={y € T | y = Y/, % € I with v; € T}. Then
J is easily seen to be an ideal of T', and J # 0 since Gy € J. Thus, Lemma 2.2
implies that J = T, and we can now assume that 8y = 1. With this, it is easy to
see, for any element § = fg € S with f € Fand § € G, that (3—-86)c ' € Iisa
polynomial in € of degree at most n— 1. The minimality of n now yields 63 = 86
and, since this holds for all such elements § = f§, we have 8 € Z(S) C F. Thus
B=1,1=S5,and S is a simple ring. |

LEMMA 2.5: R = ExG C S is an Ore domain with center E°. It is generated
as a K-algebra by ag,ag 1 ¢ and ¢'. Furthermore, if E is o-simple, that is if
E has no proper o-stable ideal, then R is a simple ring.

Proof: Note that E contains all elements of the form o7 (f;_;) = [a;, a;], for
i > 7, and their inverses. Thus E*[A] is a subring of F*[A]. Since E is o-stable,
E![4] is T-stable, and hence R = E*[A]C is a subring of S = F'[A]C. Indeed,
since R = EAC = EG, we see that R = ExG C FxG = S. Of course, E is a
right and left Ore domain, so the same is true of E[A] and of R = E*[A]C in
turn.
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Let R' be the K-subalgebra of R generated by ao,a,',¢ and ¢ 1.

—1

Since
¢~'a;c = a;4+, and ca;c”! = a@,_;, we see that R’ contains all a;, and similarly
it contains all a;l. Next, for i > 0, we see that [a;,a0] = f; and [ao,a;] =
[G,80] 7! = f[l are contained in R'. Thus, since ¢ acts on E like o does, we
conclude that R’ contains all o*(f;) and o*(f;)~!. Hence R’ O E, A and C, so
R’ = R, as required.

Finally, suppose F is o-simple and let I be a nonzero ideal of R. Since S =
FR = RF, it follows that FIF is a nonzero ideal of S. Hence, by Lemma 2.4,
we have FIF = S, and in particular 1 € FIF. But F'is the field of fractions of
E C R, so by taking common denominators, we see that e] 'ae;* = 1 for some
o € I and ey,ex € E®. In other words, o = ejea € E®, so we conclude that
I'N E is a nonzero ideal of E. Now I N E is closed under conjugation by ¢, and
¢ acts like 0 on E, so I N E is actually a o-stable ideal of E. Thus, when E is
assumed to be o-simple, we have INE=FE,sol1 € INECI,I =R, and Ris
a simple ring. ]

LemMMaA 2.6: If D is the division ring of fractions of S, then D is the division
ring of fractions of R, it is generated as a K -division algebra by @y and ¢, and
Z(D} = F°. Furthermore, if L is a field extension of F° of finite degree, then
L ®p- D has zero divisors if and only if L @« F has zero divisors.

Proof: Let D be the division ring of fractions of S. Then D D R, so every
nonzero element of R is invertible in D. Furthermore, since S = FR = RF and
since F' is the field of fractions of E C R, we see that every element of D is a
quotient of two elements of S. Hence D is also the division ring of fractions of
R. In particular, Lemma 2.5 implies that D is generated as a K -division algebra
by a@p and ¢.

Now § = F+G with G = C1C, and 1 € G is the unique element of this
group having only finitely many G-conjugates. Thus it follows, as in [Pa, The-
orem 4.4.5], that the center of D is the quotient field of the center of S. In
particular, Lemma 2.4 implies that Z(D) = F°.

Finally, let L be a field extension of F” of finite degree. If L @p- F' has
zero divisors, then so does L ®g» D since F' C D. Conversely, assume that
L’ = L ®p+ F has no zero divisors. Then L’ is a commutative domain, finite
dimensional over the field F, and hence L' is a field. Furthermore, since S =
FxG, we see that S’ = L@ps S = (L®ps F)xG = L'*G, and hence §’ is also an
Ore domain with division ring of fractions D’. Now D' D S, so D' D D, and of
course D' O L. Furthermore, L is central in D’ and any linear relation between
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L and D gives rise, by taking common denominators, to a linear relation between
L and S. With this, we see that D' O L ® p- D and consequently L ® p- D has
no zero divisors. 1

3. Fields of transcendence degree 1

We will, of course, use the constructions of the previous section to prove our
first two main results, namely Theorems 1.1 and 1.2. Since K is given, we can
only vary F and the field automorphism ¢ in this process. As will be apparent
here, we use the same family of fields F' for both of these results, but we use
two essentially different types of automorphisms. In the case of Proposition 1.3,
we use the same field F', but uncountably many distinct field automorphisms.
To start with, let K'(¢) be the rational function field over K in the one variable
t, and let P be the set of all prime numbers different from the characteristic
of K. Then, working in a fixed algebraic closure of K(t), we let ¢, be a fixed
pth root of t for each prime p € P. Of course, K(t,) is also a rational function
field in the single variable t,, and |K(t,;) : K(t)] = p. It is easy to see that
if p1,p2,...,pr are finitely many distinct primes with pip2---pr = n, then
K(tp, tp,,--.,tp,) = K(tn) for some element ¢, with (¢,)"” = t. Consequently,

|K(tp1»tpza~-vtpk) : K(t)l = |K(tn) : K| =n=pip2---Pk-

Now, if 7 is a nonempty subset of P, then we let Fr be the field extension of
K (t) generated by all ¢, with p € Z. It is easy to see that F7 determines 7
provided we know how K(t) is embedded in the field. Specifically, we have

LEMMA 3.1: Let T be a nonempty subset of P.
(i) T is precisely the set of all primes p € P such that Fr O L D K(t) for
some field L with |L : K(t)| = p.
(ii) Ifp € P\ T and if L is a field extension of K (t) with |L : K(t)] = p, then
L ® (1) F1 has no zero divisors.
(iii) If p € Z, then there exists a field extension L of K(t) with |L: K(t)| =p
and such that L ® 1) F1 has zero divisors.

Proof: (i) This is clear since any such field L must be contained in some K (t,)
with n = p1p2---pr and p1,p2,...,px € 7.

(ii) It suffices to observe that, for each n as above, L ®x ;) K(t,) is a field.
Equivalently, we need to show that the polynomial X™ —t € L[X] is irreducible.
To this end, let s be a root of the polynomial and consider the field L{s]. Then
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L[s] D K(s) D K(t) and |K(s) : K(t)| = n. Thus, the relatively prime integers
n and p both divide |L[s] : K(t)|. It therefore follows that |L(s) : K(t)| = np,
and hence |L[s] : L| = n, as required.

(iii) If p € Z, take L = K (t,) so that |L : K(t)] = p. Then L Q@ K(tp) is
not a domain and hence neither is L ® i) Fz. [ |

Since P is an infinite set, there are uncountably many nonempty subsets
Z C P and hence there are potentially uncountably many fields F7, viewed as
K-algebras. We show below that this is indeed the case. For convenience, if 7
and J are subsets of P, then we write 7 ~ J if and only if 7 and J differ by
just finitely many elements. In other words, Z ~ 7 if and only if there exist
finite subsets Zg and Jp of P with ZUZy = J U Jp. It is clear that ~ is an
equivalence relation and that each equivalence class is countable, since P has
only countably many finite subsets. Of course, the collection of all finite subsets
of P forms one equivalence class, and obviously, there are uncountably many
other such classes. We have

LEMMA 3.2: Let T and J be nonempty subsets of P. Then the fields Fr and
F7 are K-isomorphic if and only if T ~ J.

Proof: Let T be given and suppose ¢ € P\ Z. Then, for each prime p € 7,
it is easy to see that K(t;,t,) = K(ty,t,), where (¢,)P = t,. In particular, if
I' = Tu{q}, then Fp, = K(tg,t, | p € T) = K(tg,t, | p € I). But K(t) = K(t,)
via the K-isomorphism given by ¢ — ¢,, and then this map extends to a K-
isomorphism F7 = F7. given by t, — t, for all p € 7. It now follows by
induction on the size of the change that 7 ~ J implies Fr = F;.

Conversely, suppose Fr is K-isomorphic to F7. Then we can write F; = F;
provided we rename the generators of F7 as s and s, for all ¢ € 7. Now there

exist primes py,pa,...,p; € Z, with n = pi1ps - - - pg, such that
s € K(tm’tpza'“atpk) = K(tn)s

and thus |K(t,) : K(s)] = m < co. Now if ¢ € J, then F;r = F7 D K(s4) D
K (s) with |K(s,) : K(s)] = ¢. Thus either g|m or K(t,) has an extension of
degree ¢ in Fr and hence ¢ € Z. In other words, J C 7 U 7, for some finite
subset Zy of P. Similarly, Z C 7 U J, and then clearly 7 ~ 7. |

Now suppose that K contains an element { # 0 of infinite multiplicative order
such that all mth roots of ¢ are also in K. For example, K could be the algebraic
closure of a nonabsolute field. For each p € P, let (, € K be a fixed pth root of
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¢. If T is any nonempty subset of P, we can then define a field automorphism
o' of Fr over K by ¢’: t — (t and o': t, — (pt, for all p € . As usual, if
p1,P2,- ., Pk are finitely many distinct primes in 7 with p1ps - --pp = n, then
K(tp s, tp) = K(tn) and o't t, — (atn, where (, € K is some nth root
of (. With this, it is clear that ¢’ is indeed a field automorphism.

LEMMA 3.3: For each nonempty subset T C P, we have (F7)° = K. Fur-
thermore, if E is a o’-stable K -subalgebra of Fy containing all t, and t; 1 with
p € Z, then E is a o’-simple ring.

Proof: If s € (Fr)°, then s € K(t,) for some n as above. But ¢’ is an
automorphism of infinite order on K (¢,), so |K(t,) : K(s)| =00 and s € K, as
required.

Now let I be a nonzero ¢’-stable ideal of E. Then there exists an integer
n = pips - P with I N K(t,) # 0. Furthermore, since t,,t;! € E and since
K (t,) is the field of fractions of the K-subalgebra N = K[t,,1."'], we see that
J = IN N is a nonzero o’'-stable ideal of N. Note that N = K[(t,)] is the
group algebra of the infinite cyclic group (t,) and that o': t, v (,t,. Now,
using group algebra notation, choose 0 # a € J to be an element of minimal
support size. Multiplying by some element of (t,) if necessary, we can assume
that @ = Yoo ki(ts)* with ko # 0. Then ¢’(a) —a € J and d'(a) — o =
Yoy k(¢S — 1)(tn)" has smaller support. Thus o’(a) —a = 0 and, since ¢, € K
has infinite multiplicative order, we conclude that k; = 0 for all i # 0. Hence
a=keK* soleJCI, I=E, and E is a ¢'-simple ring. ]

We can now verify our first main result.

Proof of Theorem 1.1: Since K is assumed to have a nonzero element ¢ of
infinite multiplicative order with all its mth roots also contained in K, we can
use the above notation. For each infinite subset Z of P, we construct a K-
algebra Rz using the results of the preceding section. Specifically, we take
F=Fr,0=0"and F={t, 1+t,|p€ I}, with the primes listed in their
natural order, and then we let Rz be the I{-algebra given by Lemma 2.5. In
particular, we know that Rz is an Ore domain, generated as a K-algebra by four
elements, and that Z(Rz) = E° . Furthermore, by Lemma 3.3 and the fact that
E is generated by all {(0')-conjugates of FUF !, we see that Z(Ry) = E' =K
and that E is ¢'-simple. Thus, by Lemma 2.5 again, we conclude that Rz is a
simple ring.

Finally, we claim that Ry determines Fz. To this end, let Lz be the K-
subalgebra of Ry generated by all units u of Ry with v + 1 also a unit. By
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Lemma 2.3, we know that Lz C Fz. Furthermore, since F contains both ¢, and
1+41t,, we see that each t,, with p € 7, is contained in Lz. Thus F7 is the field of
fractions of Lz, and hence this field is indeed determined by Rz. In particular,
if R and Ry are K-isomorphic, then Fr and F 7 are K-isomorphic, so 7T ~ J
by Lemma 3.2. But there are uncountably many equivalence classes under ~
consisting of infinite subsets of P, so in this way we obtain uncountably many
nonisomorphic K-algebras Rz, as required. ]

Now suppose, instead, that K contains all mth roots of unity and, for each
prime p € P, let £, € K be a primitive pth root of 1. Recall that, by definition, P
avoids the characteristic of K. If Z is a nonempty subset, of P, we define the field
automorphism ¢”' of Fr over K(t) by o': ¢, — ept, for all p € T. As above, it is
clear that ¢” is indeed a K (t)-field automorphism. Furthermore, if p;, pa, ..., Pk
are distinct primes in 7 with p1py - py = n, then K(t,,,tp,,....tp,) = K(t5)
and o”: t, > &nt,, where ¢, is a suitable primitive nth root of unity in K. In
particular, 6" has order n in its action on K (t,) and, since |K(t,,) : K(t)| = n,
it follows immediately that (F7)° = K (t). With this, we have

Proof of Theorem 1.2: We use the above notation. For each infinite subset 7
of P, we construct a K-division algebra Dz using the results of the preceding
section. Specifically, we take F' = Fz, 0 = ¢” and F = {t, | p € 1}, with
the primes in their natural order, and we let Dz be the division ring given by
Lemma 2.6. Then we know that Dz is generated as a K-division algebra by two
elements and furthermore that Z (D7) = F°' = K (t).

It remains to show that D7 determines 7. To this end, let L be a field
containing Z(Dz) = K(t) with |L : K(¢)| = p € P. Then, by Lemma 2.6,
L @k (yy Dz contains a zero divisor if and only if L @ ;) Fr has a zero divisor.
Furthermore, by Lemma 3.1(ii)(iii), the latter cannot occur if p ¢ 7 and it can
and does occur if p € 7. Thus 7 is indeed determined by Dz, and consequently
we obtain uncountably many nonisomorphic division algebras in this way. |

We close this section with the

Proof of Proposition 1.3: Let K be an arbitrary field and again use the above
notation. For each infinite subset 7 of P, let Rz be the K-algebra given by
Lemma 2.5 with F' = F7, 0 = 1, and F = {t, | p € Z}, where the primes
are listed in their natural order. Since o = 1, we know that Rz = (E7)![G]
is a twisted group ring with Z(Rz) = Er = K|t,,t;' | p € I], and with four
generators as a K-algebra. Furthermore, Rz is a right and left Ore domain with
field of fractions Dz given by Lemma 2.6. Thus D7 is generated as a K-division



352 A. L. LICHTMAN AND D. S. PASSMAN Ist. J. Math.

algebra by two elements, and Z(Dz) = Fr, the field of fractions of Ey. Finally,
if Rt = Ry is a K-isomorphism, then F; = Z(Dz) = Z(Dy) = Fy is also a
K-isomorphism. In particular, Lemma 3.2 implies that Z ~ .7, and hence we
obtain uncountably many different K-algebras Rz and K-division algebras Dz.

If K is a countable field, then so is each Fz, and we change the above con-
struction by taking F to be the set of all nonzero elements of Fr having infinite
multiplicative order. Then E7 = K[F U F~'] = Fr, since if 0 # f € Fy has
finite order, then f € K[tf,#~!] and both tf and t~! have infinite order. In
this case, E7 is o-simple, since it is a field, and hence Rz is a simple ring by
Lemma 2.5. | |

4. HNN constructions

We start with a brief summary of several results and concepts from the theory of
skew fields which will be used in the proofs of Theorem 1.4 and Proposition 1.5.
We refer the reader to [C1, C2] for a more detailed exposition.

Let R be an arbitrary ring and recall that an n x n R-matrix o is said to
be full if every factorization & = fBv, with § an n x m matrix and with v of
size m X 7, implies that m > n. It is not true, in general, that every invertible
matrix is full, but we do have

LEMMA 4.1: Let R be a ring.
(i) If R is locally noetherian, then every invertible R-matrix is full.
(ii) If D is a K-division algebra and if L is a commutative K-algebra, then
R =L ®k D is locally noetherian.

Proof: (i) Let a be an invertible n X n matrix which can be factored as o = 8y
with 3 of size n xm and «y of size m xn. Then 1 = S(ya™!) yields a factorization
of the identity matrix with the matrix factors having the same parameters n and
m. In other words, we can assume that o is the identity matrix. Furthermore,
since R is locally noetherian and since «, 8, and v have only finitely many
entries, we can now also assume that R is noetherian.

Next, let R be a prime homomorphic image of R. Then the map R — R
yields a factorization @ = 35 of R-matrices with the same sizes. Thus, we can
now assume that R is a prime noetherian ring. But then, by Goldie’s theorem,
R embeds in M(D), the t X t matrix ring over a division ring D, and we can
view ¢, 3, and v as matrices over this larger ring. Indeed, since an n x m matrix
over M;(D) can be viewed as an nt x mt matrix over D, we obtain a* = %",
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where o* is the nt x nt identity matrix, £* is a D-matrix of size nt x mt, and
~* has size mt x nt.

The latter matrices translate to D-linear transformations D™ — D™t — Dmt
with composite map the identity. In particular, the map D™ — D™ is onto,
so dimension considerations yield mt > nt and hence m > n, as required.

(ii) If R = L @k D, then any finite subset of R is contained in a subring of
the form K|z1,22,..., 28] @k D with 21, 2s,..., 2z in the commutative algebra
L. Since this subring is a homomorphic image of the ordinary polynomial ring
Dlx1,xs,...,2], and since D is a division ring, the result follows. ]

A ring R is said to be a fir (semifir) if every left ideal (finitely generated left
ideal) is free of unique rank. It is known that every semifir has a universal
field of fractions U (R) which is a skew field containing R and generated by it.
Furthermore, every isomorphism between two semifirs extends uniquely to an
isomorphism of their universal fields of fractions. However, an embedding of
semifirs need not give rise to an embedding of their universal fields of fractions.

We will need the following observations. Part (i) is standard and part (i)
comes from the proof of [C2, Proposition 6.4.4].

LEMMA 4.2: Let R C R’ be semifirs, let ¥ be the set of full matrices of R, and
let ¥’ be the set of full matrices of R'.

(i) Suppose S D U(R) is aring with the property that all invertible S-matrices
are full. If the embedding R — U(R) extends to a homomorphism R' — S,
then ¥ C ¥/ and U(R) embeds naturally in U(R').

(ii) If R is a K-algebra and R' = L @ R, where L is a field extension of K,
then ¥ C ¥ and U(R) C U(R'). Furthermore, if Z = Z(U(R)) and if
L@k Z is a field, then L ® gk U(R) C U(R’) and hence L @k U(R) is a
domain.

Proof: (i) If a € T, then a becomes invertible over the ring ¢/(R) and hence
over the larger ring S. In particular,  is full when viewed as a matrix over
S. Thus, since R’ — S extends the embedding R — U(R), it follows that «,
when viewed as a matrix over R’, must also be full. In other words, ¥ C ¥’ and
hence all matrices in ¥ are invertible in Z/(R'). This implies that there exists
a homomorphism U(R) — U(R') and, since U(R) is a division ring, we obtain
the required embedding.

(ii) The embedding B — U(R) clearly extends to a map R’ = L x R —
Lok U(R), and L ®k U(R) is locally noetherian by Lemma 4.1(ii). Thus, by
Lemma 4.1(i), all invertible matrices of L @ x U{R) are full, and consequently
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part (i) above implies that £ C ¥’ and #(R) C U(R’). Furthermore, since U (R)
is the localization Ry, it is clear that L ® x U(R) is obtained from R' = L ®g R
by inverting the matrices in ¥, or equivalently L @ x U(R) = RY,. Thus, since
¥ C %', we have a homomorphism Ry, — Rf, = U(R'). Now observe that ¢/ (R)
is a division algebra, so every nonzero ideal of L ® r U(R) must meet L @ Z
nontrivially. In particular, if L @ Z is a field, then L ®x U(R) must be a
simple ring. In this case, the homomorphism L @ x U(R) — U(R') is necessarily
one-to-one. |

Now let X = {z; | i € T} be a set, and let K <X > denote the free algebra
over the field K in the system of generators z; € X. Then K <X > is a fir, and
we let K{X ) denote its universal field of fractions. This division ring K <X}
is known as the free field over K having X as free system of generators, and
Z{K<X») = K when | X| > 2. Now suppose L is a field containing K. Then,
by [C2, Theorem 6.4.6] or by Lemma 4.2(ii), we have a natural embedding

L<XP D Lox K<Xp D KLXp.

Finally, it is easy to see that if X is infinite, then K <X} cannot be finitely
generated as a K-division algebra. Otherwise, K<X }» would be generated by a
finite subset X’ C X, and hence any K-automorphism of the free field fixing X’
would necessarily fix K<X». But any nontrivial permutation of the elements
of X \ X’ gives rise to a nontrivial automorphism of this division algebra fixing
X', and hence we have the required contradiction. In particular, if KX} is
isomorphic to K<Y », then Y must also be infinite.

For convenience, if z and y are elements of a ring R, we let [z, y|,, denote the
n-~fold Lie commutator given by [z,y], = [z,y,..-,y] = z-(ady)”. In particular,
we have [z,y]o = .

LEMMA 4.3: Let K<x,y> be the free K-algebra on the two generators x and
y and, for each integer n > 0, let a,, = [z, y]n + kn € K<x,y> for some k,, € K.
If A ={ag,a1,az,...}, then the skew subfield of K<z,y} generated by K and
A is the free field K<A)y over K having A as a free system of generators.
Furthermore, K <A} is properly smaller than K<z, y).

Proof: For the most part, this follows from [L, Corollary 3], but we sketch a
more elementary argument. Let £ be the free K-Lie algebra generated by x
and y, and let £ be the free Lie subalgebra generated by the set

B= {[%9]07 [x7y]17 [-Z',y]2, o }
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Then R' = K<z,y> is the enveloping algebra of £, and R = K<B> is the
enveloping algebra of £. Furthermore, £< £ and £’ = £ + Ky, so R’ = R[y; 4]
can be viewed as a differential polynomial ring in the one variable y. Since
the derivation § can be extended to a derivation of U(R), by [Cl, Exercise
1, page 419], it follows that the embedding R — U(R) can be extended to a
homomorphism R’ = R[y; 6] — U(R)[y; d]. But U(R)[y; 8] is certainly a principal
ideal domain, so Lemmas 4.1(i)(ii) and 4.2(i) now imply that U/(R) = K<B}
embeds naturally in U(R') = K<z,y)». We can therefore conclude from [C2,
Lemma 5.5.7] that K<Ap C K<z,yp, and since K< AP # K<z, y), as we
observed above, the embedding must be proper. 1

HNN-extensions for rings were systematically studied in the paper [D]. Let R
be a K-algebra which is a fir (or semifir), let A and B be division subalgebras,
and suppose that ¢: A — B is a K-isomorphism. Then the HNN-extension
of R determined by ¢ is the ring S generated by R and an invertible element
u satisfying u 'au = p(a) for all a € A. It is known that R embeds in S
and, by one of the results of [D], that S is a fir (or semifir). If 2/(S) is the
universal field of fractions of S, then an alternate description of this division
ring is given in [C2, Theorem 5.5.1], and requires that we endow R with two
distinct bimodule structures. First, we have gR 4, where R and A act on R by
way of the usual left and right multiplication. Next, we have 4Rg, where R acts
by right multiplication and where 4 acts via a-r = p(a)r foralla € Aandr € R.
Now let M be the (R, R)-bimodule defined by M = R®4 R = (rRR4)®4(aRR),
and let

TIM)=R+M+MOM+ MMM+

be its tensor ring. Then this graded ring is a fir (or semifir), generated by its
0-component R and the element x = 1 ® 1 € M of degree 1. Furthermore,
U(T(M)) is naturally isomorphic to U(S) with x € T (M) corresponding to
u € S. We will need two additional facts about these extensions. For simplicity,
we assume that R = D is a A-division algebra.

LeMMA 4.4: In the above situation, assume that D # A or D # B. Then the
center Z of U(S) is given by Z = {a € ANZ(D)| p(a) =a} C ANB.

Proof: By symmetry, we can assume that D # A, so that {d1,ds,...}, an A-
basis for D 4, has size at least 2. Since {d; ®1,d>®1,...} is a D-basis for Mp,
it is easy to see that the nonzero right ideals (dy ® 1)T(M) and (d2 @ 1)T(M)
are disjoint. In particular, T(M) is not an Ore domain and hence it is not a
principal ideal domain.
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[C1, Theorem 7.8.4] now implies that the center Z of U(S) = U(T(M))
coincides with the center of T'(M). Furthermore, Z is certainly a field, so
Z = Z(T(M)) consists of invertible elements in T'(M). But T(M) is a graded
ring, so all invertible elements must be contained in its 0-component, namely
D. Indeed, since T(M) is generated by D and the element 1®1 € M, it follows
that Z is the set of elements of Z(D) that commute with 1® 1. Now if r € Z,
then

rel=rle®l)=1el)re(ra)T(M)N(1e1)T(M),

so the above basis information implies that r must be contained in A and con-
sequently, since a(l ® 1) = (1 ® 1)p{a) for all a € A, the result follows. ]

Next, we consider the behavior of HNN extensions under a field extension.

LEMMA 4.5: Let K be a field and let L be a field extension of K of finite degree.
Suppose D is a division algebra, let A and B be proper K-subdivision algebras,
and let p: A — B be a K-isomorphism. Write A’ = L@y A, B' = L @k B,
D' =L®g D andlet ¢ =1® ¢: A’ - B’ be the natural extension of ¢ to an
L-isomorphism. If D' is a domain, then D', A’ and B’ are all division algebras.
Furthermore, if S is the HNN extension of D determined by the map ¢, and if S’
is the HNN extension of D' determined by the map ¢, then LR U(S) CU(S'),
and hence L ® i U(S) is a division algebra.

Proof: Since D' = L ® D is a domain and |L : K| < oo, it follows that
D' is a division algebra. Similarly, A’, B’ C D' are also division algebras.
Now let M = D ®4 D be the {D, D)-bimodule constructed from ¢, and let
M' = D' ®4 D’ be the (D', D')-bimodule constructed from ¢'. Since A’ D L
and ¢’ is the identity on L, it follows that all L-factors in D' ® 4 D' can be
moved to the front. With this, it is clear that M’ = L ® ¢ M. Furthermore,
since D’ contains L, it follows that all L-factors of M' ®pr M' Qpi -+ @p: M’
can also be moved to the front. Again this says that (M')®" = L @ (M)®"
for all n > 0 and hence T(M') = L@k T(M).

We wish to apply Lemma 4.2(ii) with R =T(M) and R’ =T(M') = Lok R,
and we already know that both T(M) and T(M’) are firs. Furthermore, if Z is
the center of U{(R) then, by Lemma 4.4 and the fact that D properly contains
A, we see that Z is a field contained in D. In particular, since L ® x D has no
zero divisors, L ® k¢ Z has no zero divisors and hence it is a field. Lemma 4.2(ii)
now implies that L @ g U(R) C U(R'), as required. 1

We can now offer our basic HNN construction. The inclusion of the interme-
diate field E allows us to control the center of R.
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LeMMA 4.6: Let FF O E D K be fields and let F = {0 = fo, f1, f2,...} be a
countable sequence of elements of F. Then there exists a K-division algebra
R =U(S), where S is an HNN extension of the free field F<€z,y)>, such that
(i) Z(R)=E.
(i) If K(F) = F, then R has two generators as a K-division algebra.
(i) If L is a field extension of E of finite degree, then L ® g R has zero divisors
if and only if L ® g F has zero divisors.

Proof: Let D = F<x,yp be the free field over F generated by z and y,
and consider the two sequences 4 = {ag,a1,a2,...} and B = {bo,b1,b2,...}
given by a; = [z,y]; and b, = [y,z]; + f;- Then, by Lemma 4.3, the skew
subfield of D generated by F and A is F<€Ap, the free field generated over
F by A. In particular, we have D O F<A» D F<A>. Furthermore, by our
previous observations, F<A> D E<A> and hence D D F{A» D E< Ay = A.
Similarly, D O F<Bp» O E<By = B, and we can define the E-isomorphism
w: A = B by p(a;) = b;. Let S be the HNN extension of D determined by o,
and set R =U(S).

Since A is properly smaller than R, by Lemma 4.3, it follows from Lemma
4.4 that Z(R) C Z(A). Thus, by [C1, Theorem 7.8.4], Z(R) C E and then
Z(R) = E since ¢ is an E-isomorphism. Now recall that S is generated by
D = F<z,y» and an invertible element u with u~lau = ¢(a) for all a € A.
In particular, if Ry is the K-subdivision algebra of R generated by z and u,
then Ry contains v}, v lzu = u~lagu = @(ap) = bo = y, since fo = 0.
Consequently, it contains all [z, y];, and all [y, z];. Furthermore, Ry contains all
u [z, yliv = v laiu = p(a;) = b = [y, z]i+ fi, s0o Ro D F. Thus, if K(F) = F,
then Ry contains F'<z,y>, u and u™!, so this division algebra contains D, S
and hence also U(S) = R. In other words, if K(F) = F, then R is generated as
a K-division algebra by the two elements x and u. Thus (i) and (ii) are proved.

For (iii), let L be a field extension of E with |L : E| < co. If L ® g F' contains
zero divisors, then L ® g R has zero divisors since F' C R. Conversely, suppose
F' = L ®g F is a domain. Then F”’ is a field, and consequently we know that
F'€x,yp O LogF<x,yp O F<z,y). In particular, D' = L@®g D is a domain,
so Lemma 4.5 implies that LOgp R = LR gl(S) is a domain, and (iii) is proved.
|

It is now a simple matter to prove our last two main results.

Proof of Theorem 1.4: We use the field extensions described in the previous
section. Specifically, we start with the rational function field K (t) and, for each
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infinite subset 7 of P, we let Fr be the field extension of K (t) generated by
all t, with p € Z. Now for each such Z C P, let F = Fr, E = K(t), and let
F ={0=fo, f1, f2,...} begiven by f; = t,., where p; is the ith prime contained
in Z. Then we can let Dz be the E-division algebra given by Lemma 4.6. It
follows that Z (D7) = E = K(t) and that Dz has two generators as a K-division
algebra, since K (F) = Fr.

Since there are uncountably many such subsets T, it remains to show that Dz
determines Z. To this end, let L be a field containing Z(D7z) = K () of degree
|L: K(t)| = p € P. Then, by Lemma 4.6(iii), L ® k(;) Dz contains a zero divisor
if and only if L ® j¢(4) F7 has a zero divisor. Furthermore, by Lemma 3.1(ii)(iii),
the latter cannot occur if p ¢ 7 and it can and does occur if p € Z. Thus
7 is indeed determined by Dz, and consequently we obtain uncountably many
nonisomorphic division algebras in this way. |

Proof of Proposition 1.5: Here, for each such Z C P, we take E = F = Fz, and
we let F = {0 = fo, f1, f2,...} be given by f; = t,,, where p; is the ¢th prime
contained in Z. Again, let D7 be the F-division algebra given by Lemma 4.6. It
follows that Z{Dz) = E = Fr and that Dz has two generators as a K-division
algebra, since K(F) = Fy. Finally, if D7 = Dy is a K-isomorphism, then
Fr =7Z(D1) 2 Z(D4) = F7 is also a K-isomorphism. In particular, Lemma 3.2
implies that Z ~ J, and hence we conclude that there are uncountably many
different K -division algebras D7. |
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